We show, that for every countable subgroup H of a compact abelian metrizable group G there exists a characterizing sequence of characters (χn)n, i.e. α ∈ H iff χn(α) → 0. The introduced methods allow to answer questions stated in [2] and [9] .
Introduction and Notation
In [4] several techniques have been developed to prove the existence of sequences (n k ) k of positive integers characterizing countable subgroups H of the circle group T = R/Z in the following sense: For all α ∈ T holds α ∈ H iff lim k n k α = 0 ( x denotes the distance of x ∈ R to the nearest integer). These methods were extended in [5] to show that a characterization of finitely generated subgroups by sums is also possible. In [14] arbitrary subgroups of T were characterized by filters. This approach was used in [3] to strengthen the existing ideas and results concerning the characterization by classical convergence. A different approach to the characterization of finitely generated dense subgroups of compact abelian groups by sums has recently been introduced in [6] and [7] .
Dikranjan et. al. investigated related questions concerning the characterization of subgroups of general topological abelian groups G (cf. [1] , [2] , [8] , [9] ). In this article we lift the techniques of [3] to this general setting and answer questions stated in [2] and [9] .
Remark: It turned out that Dikranjan and Kunen proved some of the results presented in this article contemporaneously. They have submitted their article these days [11] .
Let G be an infinite locally compact abelian group (groups are written additively throughout this article). Its elements will be denoted by α, β, . . .. If H is a (not necessarily closed) subgroup of G, we write H ≤ G. If A ⊂ G is any subset, A denotes the subgroup generated by A. If A = {a 1 , . . . a n } ⊂ G is finite and M ∈ N,
χ is a continuous homomorphism} denotes the dual group of G. By Pontrijagin's Duality Theorem we know that G ∼ = G. Let G d be G endowed with the discrete topology. The duality theory can be used to construct the Bohr compactification bG of G by setting bG := G d . Accordingly, the Bohr compactification of G is G d . The so called Bohr sets of G which are, for α 1 , . . . , α t ∈ G and ε > 0, defined by
induce a topological base at 0 in G d . For E ⊂ G we will further need the notation B (α 1 , . . . , α t ,ε) (E) := B (α 1 , . . . , α t ,ε) ∩ E. For α ∈ G and B ⊂ G we denote α B := sup{ χ(α) : χ ∈ B}.
Characterizing filters
Let H ≤ G be a subgroup of the compact abelian group G, Γ a finite subset of G and F Γ (H) be the filter on G \ Γ generated by the Bohr sets of H, i.e.
If we define the filter limit as usual, i.e. F Γ (H) − lim χ χ(β) = 0 iff {χ ∈ G \ Γ : χ(β) < ε} ∈ F Γ (H) holds for all ε > 0, we obtain Theorem 1 Let G be an infinite compact abelian group and Γ any finite subset of G. For all subgroups H ≤ G the filter F Γ (H) characterizes H in the sense that
Proof: Let α 1 , . . . , α t ∈ H. We first show the Theorem for Γ = ∅. The definition of the filter F = F ∅ (H) immediately guarantees F − lim χ χ(β) = 0 for all β ∈ H. For the converse we prove that, given β ∈ H, for all α 1 , . . . , α t ∈ H and every ε > 0 there exist characters χ ∈ B (α 1 , . . . , α t ,ε) with χ(β) ≥ 1/4 implying {χ ∈ G : χ(β) < 1/4} ∈ F. Consider first the Bohr compactification G d of G. G d separates subgroups and points of G. Hence there exists a χ ∈ G d such that χ(α) = 0 for all α ∈ α 1 , . . . , α t and c = χ(β) = 0, w.l.o.g χ(β) ≥ 1/3 (otherwise take 2χ, 3χ, . . .). Since G is dense in G d we can approximate χ pointwise by characters χ n ∈ G. Note that with G also G is infinite. We choose the χ n such that |χ n (α i )| ≤ 1/n for i = 1, . . . , t and |χ n (β) − c| ≤ 1/n.
To prove the theorem for arbitrary finite Γ it remains to show that each element of the filter F contains infinitely many χ ∈ G with χ(β) ≥ 1/4 and χ(α) ≤ ε for all α ∈ α 1 , . . . , α t . Let U := {(χ(α 1 ), . . . , χ(α t ), χ(β)) : χ ∈ G} ≤ T t+1 . There are two cases: 1.: U is finite, say U = {u 1 , . . . u k } with u 1 := (0, . . . , 0, c). Then the sets
and particularly Υ 1 are infinite, or 2.: U is an infinite subgroup of T t+1 . But then each point of U is an accumulation point. Hence also F Γ characterizes H for any finite Γ ⊂ G.
Characterizing sequences
For A ⊂ G we write lim χ∈A χ(β) = 0 for the cofinite filter convergence, i.e. if {χ ∈ A : χ(β) ≥ ε} is finite for all ε > 0.
Theorem 2 Let G be a compact abelian group and H ≤ G a countable subgroup. Then the following statements are equivalent:
Remark: The proof shows that for every d ≤ 1/3 the characterizing set A can be chosen in such a way that β ∈ H implies lim sup χ∈A χ(β) ≥ d. Using a diagonlisation argument it is easy to achieve lim sup χ∈A χ(β) ≥ 1/3.
The proof of (i) =⇒ (ii) employs several lemmas which we formulate now and verify at the end of this section. According to our assumptions, in these lemmas G is a compact abelian metrizable group.
2. For all α 1 , . . . , α t ∈ G, every ε > 0 and σ < 1/3 there exists an M ∈ N such that for all finite Γ ⊂ G
Lemma 4 Suppose α 1 , . . . , α t ∈ G, ε > 0 and σ < 1/3. There is an M ∈ N such that for all finite Γ ⊂ G and every open V ⊇ α 1 , . . . , α t M there exists a finite set E ∈ G \ Γ such that
Lemma 5 Let (R n ) n be a monotone sequence of finite subsets of G. There exists a sequence of open sets V n ⊂ G such that
Proof of Theorem 2:
(i) =⇒ (ii): Fix 0 < ε < 1/3 and set H := {α t : t ∈ N}. Lemma 3.2 guarantees the existence of an increasing sequence (M t ) t such that for any finite
For this sequence let R t := α 1 , . . . , α t Mt and define V t ⊇ R t according to Lemma 5. Lemma 4 allows to choose finite sets E t ⊂ G in the following way:
To show that β ∈ H is equivalent to lim χ∈A χ(β) = 0 assume first that β = α t0 ∈ H. For n ∈ N there is a T ∈ N such that α ti = iβ ∈ {α t : t ≤ T } for all 1 ≤ i ≤ n. Thus t ≥ T and χ ∈ B (α 1 , . . . , α t ,ε) (E t ) imply iχ(β) ≤ ε for all 1 ≤ i ≤ n and by Lemma 1 we have β ≤ ε/n. Conversely, if β ∈ G and lim χ∈A χβ ≤ ε there exists a t 0 ∈ N such that β ∈ V t for all t ≥ t 0 yielding β ∈ H by the choice of the V t according to Lemma 5. (ii) =⇒ (i): Suppose that G is not metrizable and that H ≤ G is an arbitrary subgroup characterized by a countable set A := {χ n : n ∈ N} ⊂ G. We show that H is uncountable. Define Λ := A and
the annihilator of Λ. Λ 0 is a closed and thus compact subgroup of G and Λ 0 ≤ H. We show that Λ 0 is infinite and hence by compactness uncountable. Assume that Λ 0 is finite. Because of Remark: Let G be again a compact abelian group with dual group G. In [9] subgroups s χn (G) := {α ∈ G : χ n (α) → 0}
are called basic g-closed. According to Theorem 2 every countable subgroup of
The next theorem deals with g-closed subgroups and solves Problem 5.1 of [9] .
Theorem 3 Every countable subgroup H of a compact abelian group
Proof: As in Theorem 1 we use the fact that for every β ∈ G \ H there exists a character
there exists a sequence of characters χ n ∈ G with χ n (α i ) ≤ 1/n for all i ≤ n and |χ n (β) − χ(β)| < 1/n.
Thus for every β ∈ G \ H there exists a sequence χ (β) n defining the subgroup
Clearly H β is characterized by χ (β) n and β ∈ H β . Thus H = β∈G\H H β .
Proof of the Lemmas:
We assume the group G to be compact abelian and metrizable. Lemma 1 is elementary, so we will not prove it.
Proof of Lemma 2: Assume that
contradicts the independence of the generating γ i , 1 ≤ i ≤ d.
Proof of Lemma 3:
1.: Let F = F Γ (H) be the filter of Theorem 1 characterizing α 1 , . . . , α t and let δ > 0 be arbitrary. We must show that
if β fulfills the assumptions of the Lemma. Choose m ∈ N such that δ ≥ σ/m and write B 0 := B (α 1 , . . . , α t ,ε) ( G \ Γ) and B 1 := B (α 1 , . . . , α t ,ε/m) ( G \ Γ). Clearly B 0 ⊃ B 1 , both sets are in F and for all χ ∈ B 1 holds iχ ∈ B 0 , 1 ≤ i ≤ m. Thus for all χ ∈ B 1 we have iχ(β) ≤ σ, 1 ≤ i ≤ m, and by Lemma 1 χ(β) ≤ σ/m. Therefore B 1 ⊂ F δ and hence F δ ∈ F. 2.: By 1. we know β ∈ α 1 , . . . , α t . Assume α 1 , . . . , α t is infinite (otherwise (ii) follows immediately). α 1 , . . . , α t is a finitely generated abelian group, so we know that there are torsion free γ 1 , . . . γ d and torsion elements ν 1 , . . . ν l with ν i ∼ = Z ei , such that
Summing up each side of this inequality leads to
Thus χ ∈ B (α 1 , . . . , α t ,ε) and hence there is a j ∈ {1, . . . , t} with χ(α j ) > ε. For all χ ∈ F there exists a δ > 0 such that χ(
Thus there is a j ′ ∈ {1, . . . , d} with χ(γ j ′ ) > δ and hence δ < . Since there are infinitely many χ for which this procedure works we can neglect any finite exceptional set Γ ⊂ G.
Proof of Lemma 4:
We write again B 0 := B (α 1 , . . . , α t ,ε) ( G \ Γ). For fixed σ < 1/3 the set
Proof of Lemma 5: Let ρ be a metric on G compatible with its topology. According to the finite sets R n we define a sequence (d n ) n of positive reals decreasing to 0 with
By monotonicity of the sets R n clearly β ∈ n≥1 R n implies β ∈ m≥1 n≥m V n . Conversely assume β ∈ m≥1 n≥m V n or equivalently that there exists an N with β ∈ V n for n ≥ N . According to the definition of the sets V n there exists a unique α n ∈ R n such that ρ(α n , β) < d n for n ≥ N . Moreover the choice of the d n guarantees that
Thick characterizing sequences
Turning to the special case G = T one can ask how thick a sequence characterizing a countable subgroup H ≤ T in the sense of Theorem 2 can be. It is known that a characterizing sequence cannot be arbitrarily thin (cf. [2] , Theorem 3.3).
On the other hand it must have density 0. Nevertheless, as the next theorem shows, characterizing sequences can be thick in a natural sense.
Theorem 4 Let H ≤ T be a countable subgroup and (ε j ) j any sequence of nonnegative numbers with lim n ε n = 0. Let N be partitioned into intervals I j = {i j , i j + 1, . . . , i j+1 − 1} with i 0 = 0 and lim j (i j+1 − i j ) = ∞. Then there exists a sequence (a n ) n of nonnegative integers characterizing H with
Proof: Let H := {α t : t ∈ N}, r j = ⌈ε j |I j |⌉ (⌈x⌉ := min{k ∈ Z : k ≥ x}) and s j := j i=1 r i . We claim that there exists an unbounded sequence (t j ) j of positive integers such that in each interval I j exist r j elements k sj−1+1 , . . . , k sj such that sup i=1,...,t j l=s j−1 +1,...,s j k l α i → 0 for j → ∞.
We apply the theory of uniform distribution of sequences to prove this (cf. [13] ): Set j 0 = 0, t 0 = . . . = t j1−1 = 1 and pick in each interval I j , 0 ≤ j < j 1 , r j integers k l arbitrarily. Moreover fix j 1 ∈ N large enough such that in each interval I j , j ≥ j 1 , there exist r j integers k l with sup i=1,2 k l α i ≤ 1/2. Such a j 1 exists by the theory of uniform distribution. Assume we have defined the sequence t j up to index j n−1 by t j = m iff j m−1 ≤ j < j m for m < n. Then let j n be the least positive number such that in each interval I j , j ≥ j n , there exist r j integers k l with max i=1,...,n+1 k l α i ≤ 1/(n + 1). As before, for all n ∈ N such a j n exists by the theory of uniform distribution. If (k n ) n is constructed in this way and (c n ) n is any sequence characterizing H then let (a n ) n be the union, i.e. more precisely, the increasing sequence consisting of {k n : n ∈ N}∪{c n : n ∈ N}.
Remark: This answers the question (Q. 5.2) in [2] whether there exist sequences characterizing a countable subgroup of T with bounded quotients positively. In fact a stronger statement is proved as the following immediate consequence of Theorem 4 points out:
Corollary 1 Let H ≤ T be a countable subgroup. Then there exists a sequence (a n ) n characterizing H with a n+1 /a n → 1.
An application of characterizing sequences
Let (c n ) n be a sequence in Z. In our notation the question (Q. 5.4) in [2] reads as follows: Are the conditions (1) There exists a precompact abelian group H ⊃ Z such that c n → h in H and h ∩ Z = ∅ and (2) There exists an infinite subgroup H ′ ≤ T such that c n α → 0 holds for all α ∈ H ′ equivalent? The next proposition gives two counterexamples:
Proposition 1
1. Let Z p denote the p-adic integers. There exists a strictly increasing sequence (c n ) n ∈ N N such that c n → β ∈ Z p \Z and c n α
For any vectors
whose components are linearly independent there exists a strictly increasing sequence (c n ) n ∈ N N such that c n α → β and c n α ′ → 0 holds for α ′ ∈ T only if α ′ = 0.
Proof: 1.: Let c n = p n + b n , where
. . , p − 1} N , k 0 = 1. Then lim n (c n ) ∈ Z p \ Z. Assume there exists a group H ≤ T such that c n α ′ → 0 for all α ′ ∈ H. If c n α ′ → 0 holds for any α ′ ∈ T then also (c n+1 − c n )α ′ → 0. Since b 2n = b 2n−1 also p n α ′ , → 0 so α ′ = a/p l for an l ∈ N and 0 ≤ a < p l . But then, for n sufficiently large, (a/p l )c n = a/p l (p n + b n ) = a( 2.: As in the proof of 1. let (a n ) n ∈ N N be a strictly increasing sequence characterizing α 1 , . . . , α d and (n j ) j a strictly increasing sequence of positive integers with a nj + a j ≤ a nj +1 (such a sequence exists since (a n+1 − a n ) cannot be bounded). Let (b n ) n be an increasing sequence with b n α → β. Let (c n ) n consist of all integers a n + b n , n ∈ N, and a nj + a j + b nj , j ∈ N, ordered increasingly. Then c n α → β.
For α ′ ∈ T assume c n α ′ → 0. This implies (c n+1 − c n )α ′ → 0 and particularly (c nj +j+1 − c nj +j )α ′ = a j α ′ → 0. Since (a n ) n characterizes α 1 , . . . , α d there exists an l = (l 1 , . . . ,
